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Abstract
Several norm equalities and inequalities for operator matrices are proved in this paper. These results,
which depend on the structure of circulant and skew circulant operator matrices, include pinching type
inequalities for weakly unitarily invariant norms.
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1. Introduction
Let B(H) denote the C∗-algebra of all bounded linear operators on a complex separable
Hilbert space H. The direct sum of n copies of H is denoted by H(n) = ⊕
n copies
H . If Ajk, j, k =
1, 2, . . . , n, are operators inB(H), then the operator matrix (or the partitioned operator)A = [Ajk]
can be considered as an operator in B(H(n)), which is defined by Ax =
⎡
⎣
∑n
k=1 A1kxk
.
.
.∑n
k=1 Ankxk
⎤
⎦ for every
vector x =
[
x1
.
.
.
xn
]
∈ H(n).
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The problem of relating a norm of an operator matrix A = [Ajk] to those of its entries Ajk has
attracted the attention of several mathematicians (see, e.g., [1,6,10–12], and references therein).
This problem is closely related to certain problems in operator theory, mathematical physics,
quantum information theory, and numerical analysis.
In this paper, we establish new norm equalities and inequalities comparing norms of A = [Ajk]
and those ofAjk, j, k = 1, 2, . . . , n. The norms in considerations are the weakly unitarily invariant
norms. Recall that a norm τ on B(H) is called weakly unitarily invariant if τ(A) = τ(UAU∗)
for all A ∈ B(H) and for all unitary operators U ∈ B(H). Examples of such norms include the
unitarily invariant (or symmetric) norms and the numerical radius (see [2, pp. 101–102] and
references therein). Here we give a special emphasis on the unitarily invariant norms |||.|||. While
the usual operator norm ‖.‖ is defined on all of B(H), each other unitarily invariant norm is
defined on a norm ideal contained in the ideal of compact operators, and satisfies the invariance
property that |||UAV ||| = |||A||| for all A in the norm ideal associated with |||.||| and for all unitary
operators U,V ∈ B(H). Whenever we consider |||A|||, we assume that A belongs to the norm ideal
associated with |||.|||. Thus, for the sake of brevity, we will make no explicit mention of this norm
ideal.
The Schatten p-norms ‖ · ‖p, 1  p < ∞, are important examples of unitarily invariant norms,
which are defined on the Schatten p-classes. Recall that for A ∈ B(H), ‖A‖p = (tr|A|p)1/p,
where |A| = (A∗A)1/2 is the absolute value of A, and tr is the usual trace functional. For the
general theory of unitarily invariant norms, we refer to [2,8].
If S1, S2, . . . , Sn are operators in B(H), we write the direct sum ⊕nj=1 Sj for the n × n block-
diagonal operator matrix
[
S1 0
.
.
.
0 Sn
]
, regarded as an operator on H(n). Thus,
∥∥∥∥ n⊕
j=1
Sj
∥∥∥∥ = max{‖Sj‖ : j = 1, 2, . . . , n}
and ∥∥∥∥ n⊕
j=1
Sj
∥∥∥∥
p
=
⎛
⎝ n∑
j=1
‖Sj‖pp
⎞
⎠
1/p
for 1  p < ∞.
In particular,∥∥∥∥ n⊕
j=1
S
∥∥∥∥
p
= n1/p‖S‖p for 1  p < ∞.
The pinching inequality for weakly unitarily invariant norms is one of the most useful inequal-
ities for operator matrices. It asserts that if A = [Ajk], then
τ
(
n⊕
j=1
Ajj
)
 τ(A) (1)
(see, e.g., [2, p. 107], [3, p. 87–88], [4], and [8, p. 82]). For the operator norm and the Schatten
p-norms, the inequality (1) states that
max{‖Ajj‖ : j = 1, 2, . . . , n}  ‖A‖ (2)
and ⎛
⎝ n∑
j=1
‖Ajj‖pp
⎞
⎠
1/p
 ‖A‖p for 1  p < ∞. (3)
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It is known (see, e.g., [8, p. 94]) that for 1 < p < ∞, equality in (3) holds if and only if A is
block-diagonal, i.e., if and only if Ajk = 0 for j /= k.
If A1, A2, . . . , An are operators in B(H), then the circulant operator matrix A = circ(A1,
A2, . . . , An) is the n × n matrix whose first row has entries A1, A2, . . . , An and the other rows
are obtained by successive cyclic permutations of these entries, i.e.,
circ(A1, A2, . . . , An) =
⎡
⎢⎢⎢⎢⎢⎢⎣
A1 A2 A3 · · · An
An A1 A2 · · · An−1
An−1 An A1
.
.
.
...
...
...
.
.
.
.
.
. A2
A2 A3 · · · An A1
⎤
⎥⎥⎥⎥⎥⎥⎦
.
The skew circulant operator matrix scirc (A1, A2, . . . , An) is the n × n circulant followed by a
change in sign to all the elements below the main diagonal. Thus,
scirc (A1, A2, . . . , An) =
⎡
⎢⎢⎢⎢⎢⎢⎣
A1 A2 A3 · · · An
−An A1 A2 · · · An−1
−An−1 −An A1 . . .
...
...
...
.
.
.
.
.
. A2
−A2 −A3 · · · −An A1
⎤
⎥⎥⎥⎥⎥⎥⎦
.
It is known that scirc (A1, A2, . . . , An) = V circ(A1, σA2, . . . , σ n−1An)V ∗, where V is the uni-
tary matrix
⎡
⎢⎣
I 0
σI
.
.
.
0 σn−1I
⎤
⎥⎦, with σ = ei/n. Thus every skew circulant operator matrix is
unitarily equivalent to a circulant operator matrix (see, e.g., [7]).
In Section 2, we give general norm equalities for circulant and skew circulant operator matrices.
In Section 3, we apply these norm equalities to obtain pinching type inequalities that supplement
the inequality (1). Equality conditions in these norm inequalities are also given.
2. Norm equalities for circulant and skew circulant operator matrices
In this section we prove two general theorems for circulant and skew circulant operator matrices.
The Schatten p-norm version of the result concerning circulant operator matrices has been used
by Bhatia and Kittaneh [5] to extend Clarkson inequalities to several operators.
Theorem 1. Let A1, A2, . . . , An be any operators in B(H). Then, for every weakly unitarily
invariant norm, we have
τ(circ(A1, A2, . . . , An)) = τ
⎛
⎝n−1⊕
k=0
n∑
j=1
ωk(1−j)Aj
⎞
⎠ , where ω = e2i/n.
Proof. Let 1, ω, ω2, . . . , ωn−1 be the n roots of unity with ω = e2i/n, and let
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U = 1√
n
⎡
⎢⎢⎢⎢⎢⎣
I I I · · · I
I ωI ω2I · · · ωn−1I
I ω2I ω4I · · · ωn−2I
...
...
... · · · ...
I ωn−1I ωn−2I · · · ωI
⎤
⎥⎥⎥⎥⎥⎦ .
Then U is a unitary operator in B(H(n)). Note that U = Un ⊗ I , where
Un = 1√
n
⎡
⎢⎢⎢⎢⎢⎣
1 1 1 · · · 1
1 ω ω2 · · · ωn−1
1 ω2 ω4 · · · ωn−2
...
...
... · · · ...
1 ωn−1 ωn−2 · · · ω
⎤
⎥⎥⎥⎥⎥⎦
is the finite Fourier matrix of size n.
Now it is easy to prove that
Ucirc(A1, A2, . . . , An)U∗ =
⎛
⎝n−1⊕
k=0
n∑
j=1
ωk(1−j)Aj
⎞
⎠ .
Hence, from the invariance property of weakly unitarily invariant norms, we have
τ(circ(A1, A2, . . . , An)) = τ
⎛
⎝n−1⊕
k=0
n∑
j=1
ωk(1−j)Aj
⎞
⎠ ,
as required.
Specializing the norm equality in Theorem 1 to the usual operator norm and to the Schatten
p-norms, we obtain the following corollaries. 
Corollary 1. Let A1, A2, . . . , An be any operators in B(H). Then we have
‖circ(A1, A2, . . . , An)‖ = max
⎧⎨
⎩
∥∥∥∥∥∥
n∑
j=1
ωk(1−j)Aj
∥∥∥∥∥∥ : k = 0, 1, . . . , n − 1
⎫⎬
⎭
and
‖circ(A1, A2, . . . , An)‖p =
⎛
⎝n−1∑
k=0
∥∥∥∥∥∥
n∑
j=1
ωk(1−j)Aj
∥∥∥∥∥∥
p
p
⎞
⎠
1/p
for 1  p < ∞.
In particular (letting n = 2), we have
‖circ(A1, A2)‖ = max(‖A1 + A2‖, ‖A1 − A2‖)
and
‖circ(A1, A2)‖p =
(‖A1 + A2‖pp + ‖A1 − A2‖pp)1/p for 1  p < ∞.
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Remark 1. It follows as a special case of Corollary 1 that if A,B ∈ B(H), then∥∥∥∥∥∥∥∥∥∥
⎡
⎢⎢⎢⎢⎣
A B · · · B
B A
.
.
.
...
...
.
.
.
.
.
. B
B · · · B A
⎤
⎥⎥⎥⎥⎦
n×n
∥∥∥∥∥∥∥∥∥∥
= max(‖A + (n − 1)B‖, ‖A − B‖)
and ∥∥∥∥∥∥∥∥∥∥
⎡
⎢⎢⎢⎢⎣
A B · · · B
B A
.
.
.
...
...
.
.
.
.
.
. B
B · · · B A
⎤
⎥⎥⎥⎥⎦
n×n
∥∥∥∥∥∥∥∥∥∥
p
= (‖A + (n − 1)B‖pp + (n − 1)‖A − B‖pp)1/p
for 1  p < ∞.
Our next result is a related norm equality for skew circulant operator matrices.
Theorem 2. Let A1, A2, . . . , An be any operators in B(H). Then, for every weakly unitarily
invariant norm, we have
τ(scirc(A1, A2, . . . , An)) = τ
⎛
⎝n−1⊕
k=0
n∑
j=1
(σω−(k+1))j−1Aj
⎞
⎠ .
Proof. The n roots of the equation zn = −1 are σ, σω, σω2, . . . , σωn−1.
Now let W = Wn ⊗ I , where
Wn = 1√
n
⎡
⎢⎢⎢⎢⎢⎣
1 σ σ 2 · · · σn−1
(σω) (σω)2 (σω)3 · · · (σω)n
...
...
...
...
...
(σωn−2)n−2 (σωn−2)n−1 (σωn−2)n · · · (σωn−2)2n−1
(σωn−1)n−1 (σωn−1)n (σωn−1)n+1 · · · (σωn−1)2n−2
⎤
⎥⎥⎥⎥⎥⎦ .
Then it is easy to prove that W is a unitary operator in B(H(n)) and
W scirc(A1, A2, . . . , An)W ∗ =
⎛
⎝n−1⊕
k=0
n∑
j=1
(σω−(k+1))j−1Aj
⎞
⎠ .
Hence, from the invariance property of weakly unitarily invariant norms, we have
τ(scirc(A1, A2, . . . , An)) = τ
⎛
⎝n−1⊕
k=0
n∑
j=1
(σω−(k+1))j−1Aj
⎞
⎠ ,
as required.
Specializing the norm equality in Theorem 2 to the usual operator norm and to the Schatten
p-norms, we obtain the following corollaries. 
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Corollary 2. Let A1, A2, . . . , An be any operators in B(H). Then we have
‖scirc(A1, A2, . . . , An)‖ = max
⎧⎨
⎩
∥∥∥∥∥∥
n∑
j=1
(σω−(k+1))j−1Aj
∥∥∥∥∥∥ : k = 0, 1, . . . , n − 1
⎫⎬
⎭
and
‖scirc(A1, A2, . . . , An)‖p =
⎛
⎝n−1∑
k=0
∥∥∥∥∥∥
n∑
j=1
(σω−(k+1))j−1Aj
∥∥∥∥∥∥
p
p
⎞
⎠
1/p
f or 1  p < ∞.
In particular (letting n = 2), we have
‖scirc(A1, A2)‖ = max(‖A1 + iA2‖, ‖A1 − iA2‖)
and
‖scirc(A1, A2)‖p = (‖A1 + iA2‖pp + ‖A1 − iA2‖pp)1/p f or 1  p < ∞.
Remark 2. Here we give some special cases of Corollary 2.
(a) If A ∈ B(H), then∥∥∥∥∥∥∥∥∥∥
⎡
⎢⎢⎢⎢⎣
A A · · · A
−A A . . . ...
...
.
.
.
.
.
. A
−A · · · −A A
⎤
⎥⎥⎥⎥⎦
nxn
∥∥∥∥∥∥∥∥∥∥
=
√
2
1 − cos(/n)‖A‖
and ∥∥∥∥∥∥∥∥∥∥
⎡
⎢⎢⎢⎢⎣
A A · · · A
−A A . . . ...
...
.
.
.
.
.
. A
−A · · · −A A
⎤
⎥⎥⎥⎥⎦
n×n
∥∥∥∥∥∥∥∥∥∥
p
=
⎡
⎣n−1∑
k=0
(√
2
1−cos((2k+1)/n)
)p⎤⎦
1/p
‖A‖p for1  p < ∞.
(b) If A ∈ B(H), then∥∥∥∥∥∥∥∥∥∥
⎡
⎢⎢⎢⎢⎣
0 A · · · A
−A 0 . . . ...
...
.
.
.
.
.
. A
−A · · · −A 0
⎤
⎥⎥⎥⎥⎦
nxn
∥∥∥∥∥∥∥∥∥∥
=
√
1 + cos(/n)
1 − cos(/n)‖A‖
and ∥∥∥∥∥∥∥∥∥∥
⎡
⎢⎢⎢⎢⎣
0 A · · · A
−A 0 . . . ...
...
.
.
.
.
.
. A
−A · · · −A 0
⎤
⎥⎥⎥⎥⎦
nxn
∥∥∥∥∥∥∥∥∥∥
p
=
⎡
⎣n−1∑
k=0
(√
1 + cos((2k + 1))/n)
1 − cos((2k + 1))/n)
)p⎤⎦
1/p
‖A‖p
for 1  p < ∞.
The norm equalities in Remark 2 can also be shown directly by using tensor product to express
the two operator matrices involved.
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3. Pinching type inequalities for operator matrices
Our main results in this section are pinching type inequalities for operator matrices. Their
proofs are based on Theorems 1 and 2, respectively.
Theorem 3. Let A = [Ajk] be an operator matrix in B(H(n)). Then, for every weakly unitarily
invariant norm, we have
1
n
τ
⎛
⎝n−1⊕
k=0
n∑
j=1
ωk(1−j)Rj
⎞
⎠  τ(A), (4)
where
R1 =
n∑
j=1
Ajj , R2 = A1n +
n∑
j=2
Aj,j−1, R3 = A1,n−1 + A2n +
n∑
j=3
Aj,j−2, . . . ,
Rn−1 =
n−2∑
j=1
Aj,j+2 +
n∑
j=n−1
Aj,j−(n−2) and Rn = An1 +
n−1∑
j=1
Aj,j+1. (5)
Proof. First, let Lk+1,k+n+1 = [lrs] be the n × n operator matrix with
lrs =
{
I, if r + s = k + 1 or r + s = k + n + 1,
0, otherwise.
Then it is easy to prove that Lk+1,k+n+1 is a unitary operator for all k = 1, 2, 3, . . . , n and
n∑
k=1
Lk+1,k+n+1AL∗k+1,k+n+1 = circ(R1, R2, . . . , Rn) = R, say,
where
R1 =
n∑
j=1
Ajj , R2 = A1n +
n∑
j=2
Aj,j−1, R3 = A1,n−1 + A2n +
n∑
j=3
Aj,j−2, . . . ,
Rn−1 =
n−2∑
j=1
Aj,j+2 +
n∑
j=n−1
Aj,j−(n−2) and Rn = An1 +
n−1∑
j=1
Aj,j+1.
Now let
U = 1√
n
⎡
⎢⎢⎢⎢⎢⎣
I I I · · · I
I ωI ω2I · · · ωn−1I
I ω2I ω4I · · · ωn−2I
...
...
... · · · ...
I ωn−1I ωn−2I · · · ωI
⎤
⎥⎥⎥⎥⎥⎦ .
Then, from the proof of Theorem 1, we have
URU∗ = n−1⊕
k=0
n∑
j=1
ωk(1−j)Rj .
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Hence, by the invariance property of weakly unitarily invariant norms and the triangle inequality,
we have
1
n
τ
⎛
⎝n−1⊕
k=0
n∑
j=1
ωk(1−j)Rj
⎞
⎠  τ(A),
as required.
Specializing the norm inequality (4) to the usual operator norm and to the Schatten p-norms,
we obtain the following corollaries. 
Corollary 3. Let A = [Ajk] be an operator matrix in B(H(n)). Then
1
n
max
⎧⎨
⎩
∥∥∥∥∥∥
n∑
j=1
ωk(1−j)Rj
∥∥∥∥∥∥ : k = 0, 1, . . . , n − 1
⎫⎬
⎭  ‖A‖
and ⎛
⎝1
n
n−1∑
k=0
∥∥∥∥∥∥
n∑
j=1
ωk(1−j)Rj
∥∥∥∥∥∥
p
p
⎞
⎠
1/p
 ‖A‖p f or 1  p < ∞,
where Rj is as given in (5).
The special case when n = 2 of Corollary 3 asserts that
1
2
max(‖A11 + A22 + A12 + A21‖, ‖A11 + A22 − A12 − A21‖) 
∥∥∥∥
[
A11 A12
A21 A22
]∥∥∥∥
and
1
2
(‖A11 + A22 + A12 + A21‖pp + ‖A11 + A22 − A12 − A21‖pp)1/p 
∥∥∥∥
[
A11 A12
A21 A22
]∥∥∥∥
p
for 1  p < ∞.
Based on Theorem 2, one can employ an argument similar to that used in the proof of Theorem
3 to obtain a pinching type inequality analogous to that in Theorem 3.
Theorem 4. Let A = [Ajk] be an operator matrix in B(H(n)). Then, for every weakly unitarily
invariant norm, we have
1
n
τ
⎛
⎝n−1⊕
k=0
n∑
j=1
(σω−(k+1))j−1Sj
⎞
⎠  τ(A), (6)
where
S1 =
n∑
j=1
Ajj , S2 =
n∑
j=2
Aj−1,j − An1, S3 =
n−2∑
j=1
Aj,j+2 −
n∑
j=n−1
Aj,j−(n−2), . . . ,
Sn−1 = A1,n−1 + A2n −
n∑
j=3
Aj,j−2, and Sn = A1n −
n∑
j=2
Aj,j−1. (7)
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Specializing the norm inequality (6) to the usual operator norm and to the Schatten p-norms,
we obtain the following corollaries.
Corollary 4. Let A = [Ajk] be an operator matrix in B(H(n)). Then
1
n
max
⎧⎨
⎩
∥∥∥∥∥∥
n∑
j=1
(σω−(k+1))j−1Sj
∥∥∥∥∥∥ : k = 0, 1, . . . , n − 1
⎫⎬
⎭  ‖A‖
and ⎛
⎝1
n
n−1∑
k=0
∥∥∥∥∥∥
n∑
j=1
(σω−(k+1))j−1Sj
∥∥∥∥∥∥
p
p
⎞
⎠
1/p
 ‖A‖p for 1  p < ∞,
where Sj is as given in (7).
The special case when n = 2 of Corollary 4 asserts that
1
2
max(‖A11 + A22 + i(A12 − A21)‖, ‖A11 + A22 − i(A12 − A21)‖) 
∥∥∥∥
[
A11 A12
A21 A22
]∥∥∥∥
and
1
2
(‖A11+A22 + i(A12−A21)‖pp+‖A11+A22−i(A12−A21)‖pp)1/p
∥∥∥∥
[
A11 A12
A21 A22
]∥∥∥∥
p
for 1  p < ∞.
It should be mentioned here that the norm inequalities in Theorems 3 and 4 are sharp. This is
demonstrated in the following proposition.
Proposition 1. Let A1, A2, . . . , An be any operators in B(H).
(a) If A = circ(A1, A2, . . . , An), then the inequality in Theorem 3 becomes an equality.
(b) If A = scirc(A1, A2, . . . , An), then the inequality in Theorem 4 becomes an equality.
Proof. We will prove (a) and leave (b) to the interested reader. Let
A = circ(A1, A2, . . . , An). Then it follows from Theorem 1 that
τ(circ(A1, A2, . . . , An)) = τ
⎛
⎝n−1⊕
k=0
n∑
j=1
ωk(1−j)Aj
⎞
⎠ .
Since R1 = nA1, R2 = nAn,R3 = nAn−1, . . . , Rn−1 = nA3, and Rn = nA2, it follows that
1
n
τ
(
n−1⊕
k=0
Dk
)
= τ(circ(A1, A2, . . . , An)),
where
D0 = n(A1 + A2 + · · · + An) = n
n∑
j=1
Aj ,
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D1 = n(A1 + ωn−1An + ωn−2An−1 + · · · + ωA2) = n
n∑
j=1
ω(n−1)(1−j)Aj , . . . , and
Dn−1 = n(A1 + ωAn + ω2An−1 + · · · + ωn−1A2) = n
n∑
j=1
ω1−jAj . 
In view of Proposition 1, it is reasonable to conjecture that, for 1 < p < ∞, equality holds
in the inequality (4) if and only if A is circulant, and that equality holds in the inequality (6)
if and only if A is skew circulant. It turns out that this is true as demonstrated in the following
proposition. The special cases when n = 2 follow from the uniform convexity of the Schatten p-
classes for 1 < p < ∞, which is an immediate consequence of the classical Clarkson inequalities.
The general cases follow from recent Clarkson inequalities for several operators (see, [5,9]). More
precisely, our application of the general Clarkson inequalities asserts that if T1, T2, . . . , Tn are
any operators in B(H) such that ‖T1‖p = ‖T2‖p = · · · = ‖Tn‖p and
∥∥∥∑nj=1 Tj∥∥∥
p
= n‖T1‖p for
some p with 1 < p < ∞, then T1 = T2 = · · · = Tn.
Now we are in a position to state our proposition.
Proposition 2. Let A = [Ajk] be an operator matrix in B(H(n)), and let 1 < p < ∞. Then
(a) ‖A‖p = 1n
∥∥∥∥n−1⊕
k=0
∑n
j=1 ωk(1−j)Rj
∥∥∥∥
p
if and only if A is circulant.
(b) ‖A‖p = 1n
∥∥∥∥n−1⊕
k=0
∑n
j=1(σω−(k+1))j−1Sj
∥∥∥∥
p
if and only if A is skew circulant.
Proof. We will prove (a) and leave (b) to the interested reader. In view of Proposition 1, it
is sufficient to prove the “only if” part. Let Lk+1,k+n+1 be as in the proof of Theorem 3. If ‖A‖p =
1
n
∥∥∥∥n−1⊕
k=0
∑n
j=1 ωk(1−j)Rj
∥∥∥∥
p
, then it follows from the proof of Theorem 3 that
∥∥∥L1,n+1AL∗1,n+1∥∥∥
p
=∥∥∥L2,n+2AL∗2,n+2∥∥∥
p
=· · ·=
∥∥∥Ln,2nAL∗n,2n∥∥∥
p
=‖A‖p and ∑n−1k=0 ∥∥∥Lk+1,k+n+1AL∗k+1,k+n+1∥∥∥
p
=
n‖A‖p.
Now invoking Clarkson inequalities for several operators, it follows that L1,n+1AL∗1,n+1 =
L2,n+2AL∗2,n+2 = · · · = Ln,2nAL∗n,2n. Consequently, A is circulant.
It should be mentioned here that Proposition 2 is not true for the trace norm, which corresponds
to the case p = 1, and for the usual operator norm. To see this, consider the four-dimensional
example A =
[1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
]
, with A11 =
[
1 0
0 1
]
, A22 =
[
1 0
0 0
]
, and A12 = A21 = 0. 
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